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The Majorana resonant level model describes the universality class of the two-channel/terminal Kondo
model at the Toulouse point as well as of a resonant level between two half-infinite Tomonaga-Luttinger
liquids. We analyze the time evolution of the electric current and of the population function after an instanta-
neous switching on of the tunneling coupling. We find that the only time scale, which governs the relaxation of
the initial dot preparation is the inverse contact transparency �, whatever the dot offset energy �, applied bias
voltage, or temperature. The voltage alone determines the superimposed oscillatory behavior of the observables
for weak detuning ����� /2. In the opposite case of strong detuning ����� /2 a beating pattern emerges. For
the current the finite temperature plays the similar role as the hybridization. The dot population function
dynamics approaches that of a resonant ��=0� setup upon increasing the voltage or/and temperature.
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During the last decades we witnessed a soaring interest in
the nonequilibrium properties of quantum impurity models.
It has been motivated by the advances in manufacturing of
semiconductor based nanostructures in which only a small
number of electronic levels participate in the charge and spin
transport. The experimentalists not only succeeded in observ-
ing the Kondo effect in such structures but also were able to
demonstrate phonon-assisted charge transport through single
molecules, see, e.g., Ref. 1. From the theoretical point of
view such zero-dimensional systems can be seen as realiza-
tions of quantum impurity models with or without internal
degrees of freedom. Typical examples are the Anderson
model, Tomonaga-Luttinger liquids �TLLs�, and fractional
quantum-Hall edge states with impurities, resonant levels
coupled to a Holstein phonon etc. Many of their equilibrium
properties can be calculated with the help of by now quite
substantial number of techniques. On the contrary, in the
nonequilibrium one is especially missing the extremely pow-
erful Bethe ansatz and integrability methods. Although their
adaptation to setups far from equilibrium has already begun a
number of open issues are yet to be settled.2

Fortunately, at least in the universality class of Kondo
models there are some exactly solvable points which occur at
nontrivial constellations of system parameters: the Toulouse
limits. Those turn out to be the only fully featured testing
grounds �apart from numerical approaches of course� which
we have at our disposal at the moment. In its canonical in-
carnation it is a special point in the parameter space where a
mapping of the conventional Kondo model onto a resonant
level model is possible.3,4 For transport phenomena a two
terminal topology is necessary.5 The original Hamiltonian is
then mapped onto that of a Majorana resonant level model
�MRLM�. It turns out to be isomorph to the interacting reso-
nant level in the TLL.6 Thus far this kind of exact solvability
has been taken advantage of in a number of contributions.7–9

However only a fraction of them went beyond the steady-
state calculations.10,11 The quantities of special interest are
the transport current evolution, several aspects of which has
been discussed in Ref. 10, and the magnetization of the im-
purity in the Kondo case or the population of the resonant
level in the TLL resonant-level setup. To the best of our
knowledge the latter observables have not yet been ad-

dressed. We would like to close this gap and present the full
solution in the case of instantaneous switching on of the
tunneling hybridization.

We first summarize the MRLM Hamiltonian in its most
general form. It features local Majorana fermions a ,b as well
as four different Majorana fermionic fields. They are orga-
nized into pairs describing a principal channel ��x� ,��x� and
a flavor channel � f�x� ,� f�x�

H = H0��,�,� f,� f�

− i��ab + J−b� f�0� + J+a� f�0� + �+b��0� + �−a��0�� .

�1�

H0 is responsible for the dynamics of the free �decoupled
from the local Majoranas� fields

H0 = i� dx�� f�x��x� f�x� + � f�x��x� f�x� + ��x��x��x�

+ ��x��x��x� + V��x���x�� . �2�

� ,J	 and �	 are different constant couplings whereas V is in
a strict sense not a coupling but a chemical potential and is
related to the bias voltage applied in the systems parental to
MRLM. This is the reason why we employ nonequilibrium
diagrammatics in order to calculate the observables of inter-
est. These are the current

I = �i/2���−�a��0�� + �+�b��0��� �3�

and the dot occupation probability

nd = �1 + i�ab��/2. �4�

The origin of the MRLM is twofold: it emerges in the �i�
two-terminal Kondo model at the Toulouse point and �ii�
interacting resonant level between two TLLs. In the situation
�i� one starts with the conventional Kondo Hamiltonian �we
set 
=vF=e=kB=1�

H = H0 + HJ + HM + HV, �5�

where, with ��,
 being the electron-field operators in the R
�right� and L �left� terminals
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H0 = i 	
�=R,L

	

=↑,↓

� dx��

† �x��x��
�x� ,

HJ = 	
�,�=R,L

	
�=x,y,z

J�
��s��

� ��,

HV = �V/2�	


� dx��L


† �L
 − �R

† �R
� ,

HM = − �BgiH�z = − ��z. �6�

Here ��=x,y,z are the Pauli matrices for the impurity spin and
�� ,�=R ,L, 
= ↑ ,↓, and 


�

� are the components of the �th
Pauli matrix�

s��
� = 	


,
�

��

† �0�


�

� ��
��0�

are the generalized electron-spin densities in �or across� the
leads biased by a finite V. The last term in Eq. �6� stands for
the magnetic field �=�BgiH. Following Ref. 7, we assume
Jx

��=Jy
��=J�

��, Jz
LL=Jz

RR=Jz, and Jz
LR=Jz

RL=0. After bosoniza-
tion, Emery-Kivelson rotation, refermionization �see details
in Refs. 7 or 12�, and setting Jz=2� one obtains the
Toulouse-point Hamiltonian �1� where J	

= �J�
LL	J�

RR� /
2�a0,
�+=J�=J�

RL /
2�a0, �−=0 �a0 is the lattice constant of the
underlying lattice model�, and a and b being local Majorana
operators originating from the impurity spin �= ��x ,�y ,�z�:
�x=a and �y =b. The fields � f and � f in the spin-flavor sector
are equilibrium �real� Majorana fields whereas � and � in the
charge-flavor sector are biased by the transport voltage V.
The current through the system is then given by Eq. �3� and
the impurity magnetization by

m = ��z� = − i��x�y� = i�ab� = 2nd − 1. �7�

The setup �ii� is the spinless TLL resonant-level model
with the Hamiltonian

H = HK + Ht + HI, �8�

where HK is the kinetic part, HK=�d†d+	i=R,LH0��i�, de-
scribing the electrons in the leads H0��i� and the resonant
level with energy �, the corresponding electron operators
being d† ,d. The dot can be populated from either of the two
leads �i=R ,L� via electron tunneling with amplitudes �i

Ht = 	
i

�i�d†�i�0� + H.c.� . �9�

HI describes the electrostatic Coulomb interaction with the
strength U between the leads and the dot

HI = Ud†d	
i

�i
†�0��i�0� .

The contacting electrodes are one-dimensional half-infinite
electron systems. We model them by chiral fermions living
in an infinite system.6 In the bosonic representation H0��i�
are diagonal even in presence of interactions �for a recent
review see, e.g., Ref. 4; we set the renormalized Fermi ve-

locity v=vF /g=1, the bare velocity being vF�

H0��i� =
1

4�
� dx��x�i�x��2. �10�

Here the phase fields �i�x� describe the slow-varying spatial
component of the electron density �plasmons�

�i
†�x��i�x� = �x�i�x�/2�
g .

The electron-field operator at the boundary is given by
�i�0�=ei�i�0�/
g /
2�a0. Here g is the conventional TLL pa-
rameter related to the bare interaction strength UTLL via
g= �1+UTLL /�vF�−1/2.4,13 In the chiral formulation the bias
voltage amounts to a difference in the densities of the incom-
ing particles in both channels far away from the
constriction.14 The current is then proportional to the differ-
ence between the densities of incoming and outgoing par-
ticles within each channel.

At generic g�1 the problem cannot be solved exactly
though. However, at g=1 /2 after a transformation of d† and
d operators to the spin representation of the form
�x= �d†+d�, �y =−i�d†−d�, and �z=2d†d−1 one immediately
observes that the U term is analogous to the �z-spin-density
coupling in the Kondo problem. Indeed a mapping onto the
MRLM can be performed in the same way as in the Kondo
case and one again obtains Hamiltonian �1� with
�	=�L	�R and J	=0.6 As before we are interested in the
transport current �Eq. �3�� and dot population �Eq. �4��. The
time derivative of nd is the displacement current in the sys-
tem

Idisp�t� = dnd�t�/dt .

The currents through the individual contacts IL,R can then be
conveniently evaluated using the relations15

IL,R�t� = I�t� 	 Idisp�t�/2.

The effect of the asymmetry �−�0 is similar to that of a
finite detuning ��0,12 that is why in order to make the
calculations and results more lucid we concentrate on the
latter case and set �−=0. Then the current operators are iden-
tical in both �i� and �ii�.

We would like to point out that although we remove a
four-fermion coupling by choosing special parameter values,
we do not expect distinct qualitative changes in the emerging
physics in the case of generic couplings. One way to inves-
tigate these deviations is to perform perturbative expansion
in these four-fermion operators. In fact this program was
carried out in nonequilibrium in Ref. 16 with the result that
in the low-energy sector the corrections are subleading and
do not alter the generic Kondo picture. That is why we ex-
pect that also in the present situation the influence of the
omitted four-fermion operators is far from being significant.
Nonetheless, only a thorough study �which, even after re-
striction to perturbative expansion, would be quite involved
from the mathematical point of view� can yield the ultimate
answer to these questions.

During the last decade both setups have been experimen-
tally realized by numerous research groups. Most of them
were based on semiconductor heterostructures �for resonant
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tunneling setup see, e.g., Ref. 17 and for Kondo Ref. 1�, the
others on nanotubes and single molecules �see, e.g., Ref. 18�.
While in the latter realizations it is quite difficult to generate
time-dependent tunneling coupling ��t�, one of the first re-
ports of efficient real-time manipulation of this matrix ele-
ment in the semiconductor heterostructures was published
almost 20 years ago.19 Nowadays the conductance of quan-
tum point contacts can even be controlled by individual elec-
trons populating side-coupled quantum dots.20 That is why
the investigation of such systems with explicitly time-
dependent coupling is not a purely academic question any
more but rather can also be analyzed experimentally in the
near future. The simplest time dependence is the sudden
switching when the initially absent tunneling coupling �ex-
perimentally realized by a complete pinch off of the respec-
tive conducting channel� is switched on instantaneously to a
constant value.

The quantities of interest are then the full transport cur-
rent and the dot population in the setup �ii� and magnetiza-
tion in the setup �i�. We expect that the current can be mea-
sured by the standard techniques. The dot population
measurement may require additional equipment such as, e.g.,
side-coupled quantum dot as demonstrated in Ref. 20. For
the magnetization measurement one can, for instance, use the
recently developed techniques discussed in Ref. 21.

In general the calculation of the observables is simplified
by their reduction to a related nonequilibrium Green’s func-
tion �GF�. In the case of the transport current it is
Gb��t , t��=−i�TCb�t���t��� where TC is the time ordering
along the Keldysh contour C.22 Then the time-dependent cur-
rent is given by I�t�=−�� /2�Gb��t+0+, t� where by abuse of
notation Gb��t , t�� denotes the time-ordered GF and �=�+.
From now on we assume a steplike switching on of the tun-
neling when ��t�=���t� where ��t� is the Heaviside func-
tion. By an expansion in � and resummation of the series one
can show that the following reduction is valid:22

I�t� = i��
0

�

dt��Dbb�t,t��g���t� − t� − Dbb
� �t,t��g��

� �t� − t�� .

�11�

Dbb�t , t��=−i�TCb�t�b�t��� is the exact homogeneous
b-Majorana GF. g���t , t��=−i�TC��t���t��� are zero order in
tunneling GFs. Remarkably, all its Keldysh components are
equal and given by g�����= �nL−nR� /2 where nR,L are the
Fermi distributions in the right�left� electrode.12 In the
Kondo setup we model the electrodes by wide flat band with
constant density of states �0. In the resonant-level TLL setup
�0 is equal to the energy-independent prefactor in the density
of states in vicinity of the Fermi edge. Here the applied volt-
age must be doubled.16 Then for the current through the sys-
tem we obtain

I�t� = i
�T

2
�

0

�

dt�Dbb
R �t,t��

sin�V�t� − t��
sinh��T�t� − t��

, �12�

where �=�0�2 /2. Thus everything is determined by the re-
tarded Dbb

R only. In the time domain we obtain

Dbb
R �t,t�� = Dbb

�0�R�t − t��

+ �
0

�

dt1dt2Dbb
�0�R�t,t1��R�t1 − t2�Dbb

R �t2,t�� ,

�13�

where the self-energy is due to the tunneling only and is up
to a prefactor identical to the homogeneous � GF. It is most
compact in the energy representation

�R��� = − i�, ����� = − i��nL + nR� ,

����� = − i��nL + nR − 2� . �14�

To make progress we use

Dbb
�0�R�t,t�� = − i��t − t��cos���t − t��� , �15�

for the GF in the absence of coupling, which is valid at
J	=0.23 It can be shown, that the solution of Eq. �13� is
translationally invariant in time and has the structure
Dbb

R �t , t��=Dbb
R �t− t��=−i��t− t��f�t− t�� where

f�t� = f �0��t� − ��
0

t

d�f �0��t − ��f��� , �16�

with f �0��t�=cos��t�. This is a Volterra integral equation of
the second kind solvable by the Laplace transformation. We
observe however that the equation for the retarded dot GF in
the static case without switching effects has exactly the same
form.24 The explanation for that is the functional similarity
of our switching method and of the natural steplike time
dependence of the retarded GF. The solution in the energy
domain is known to be given by

Dbb
R ��� =

�

�2 − �2 + i��
. �17�

Transformed back it yields

f�t� =
e−�t/2

2�
�2� cosh�t�� − � sinh�t��� , �18�

with �=
�� /2�2−�2 for weak detuning ����� /2. In case of
strong detuning, when ����� /2 the function is found by an
analytic continuation. Knowing that the retarded GF is in-
deed translationally invariant in time allows for further sim-
plification of Eq. �12�

I�t� =
�T

2
�

0

t

d�f���
sin�V��

sinh��T��
. �19�

In general the current shows up two constituents: the
transient one and the time-independent static one
I�t�= Istat+ Itrans�t�. For the weak detuning we obtain6,10

Istat =
�

4��
Im 	

p=	

�� + p�/2���1

2
+

iV + p� + �/2
2�T

� ,

�20�

where � denotes the digamma function. The transient part is
given by
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Itrans�t� =
�T

2�
Im 	

p=	

�� − p�/2�e�iV+p�−�/2−�T�t

iV + p� − �/2 − �T

�2F1�1,
1

2
−

iV + p� − �/2
2�T

;
3

2

−
iV + p� − �/2

2�T
;e−2�Tt� , �21�

where 2F1 denotes the hypergeometric function. For weak
detuning the transient current oscillates with the frequency
�V.10 This situation changes in case of strong detuning when
� becomes imaginary and enters the above equations in the
same way as the voltage. Then there are two different fre-
quencies ��V	�� and a beating pattern emerges, see Fig. 1.
Of course these features can be observed only when the os-
cillation period is smaller than the competing time scale
��+�T which governs the overall current relaxation.

It turns out that for the calculation of the dot population it
is more convenient to work with the lesser Keldysh GF
Dab

� �t , t��=−i�a�t�b�t���. The calculation of this GF is accom-
plished using the Dyson equation in the time domain
�multiplication corresponds to time integrations�:
Dab=Dab

�0�+Dab
�0��Dbb where the self-energy is proportional to

the unperturbed GF for the � Majoranas �=�g��. After the
Keldysh disentanglement we obtain

Dab
� = Dab

�0�� + Dab
�0�R�RDbb

� + Dab
�0�R��Dbb

A + Dab
�0���ADbb

A .

�22�

Thus the calculation of the inhomogeneous Dab GF is now
reduced to the calculation of the homogeneous Dbb. The nec-
essary zero-order GFs are

Dab
�0���t� = − ��/2�ei��t, Dab

�0�R�t� = − i��t�sin��t� ,

where �= 	1 encodes the initially populated/empty dot
level. For the retarded component of the homogeneous Dbb
one obtains the equation

Dbb
R = Dbb

�0�R + Dbb
�0�R�RDbb

R .

The resonant case �=0 is especially simple. Here the bare
retarded inhomogeneous GF vanishes and one obtains

nd�t� = �1 + �e−�t�/2. �23�

This is a very remarkable result since the relaxation of the
dot occupation/magnetization is independent of both tem-
perature and applied voltage and is only governed by the
time scale 1 /�.

In the off-resonant case the calculations are more complex
since we need the full homogeneous Dbb

� . It is given by25

Dbb
� = �1 + Dbb

R �R�Dbb
�0���1 + �ADbb

A � + Dbb
R ��Dbb

A .

Putting the result into Eq. �22� we obtain for weak detuning

nd�t� =
1

2
�1 + �e−�t� −

��

2�2� d�

2�

4�nL

��2 − �2�2 + �2�2

� 
���1 + e−�t� − e−�t/2���2 + �2�sinh��t�sin��t�

+ 2�� cosh��t�cos��t��� .

The most striking feature of this result is that the relaxation
behavior of the information about the initial preparation is
exactly the same as in the resonant case and independent of
either the temperature or the applied voltage. Thus the rate at
which the system “forgets” its initial preparation does not
depend on these parameters. At zero temperature the effect of
finite voltage is to fix the upper energy integration boundary.
Since the integrand is an odd function of energy the whole
correction due to finite � vanishes toward larger V so that nd
approaches that of a system at resonance, see Fig. 2. The
effect of finite temperature is very similar: due to smearing
off of the Fermi edge the contribution of the energy integra-
tion decreases so that the relative weight of the resonant
contribution �Eq. �23�� increases and becomes more and
more dominant. For finite detuning nd oscillates with the
frequency ��. As soon as the applied voltage becomes non-
zero a beating pattern emerges just as for the time depen-
dence of the transport current.
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FIG. 1. Full current through the constriction at zero temperature
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the resonant case �=0.

A. KOMNIK PHYSICAL REVIEW B 79, 245102 �2009�

245102-4



1 D. Goldhaber-Gordon, H. Shtrikman, D. Mahalu, D. Abusch-
Magder, U. Meirav, and M. A. Kastner, Nature �London� 391,
156 �1998�; S. M. Cronenwett, T. H. Oosterkamp, and L. P.
Kouwenhoven, Science 281, 540 �1998�; J. Schmid, J. Weis, K.
Eberl, and K. von Klitzing, Physica B 256-258, 182 �1998�; H.
Park, J. Park, A. K. L. Lim, E. H. Anderson, A. P. Alivisatos,
and P. L. McEuen, Nature �London� 407, 57 �2000�.

2 R. M. Konik, H. Saleur, and A. W. W. Ludwig, Phys. Rev. Lett.
87, 236801 �2001�; P. Mehta and N. Andrei, ibid. 96, 216802
�2006�; E. Boulat, H. Saleur, and P. Schmitteckert, ibid. 101,
140601 �2008�; B. Doyon, ibid. 99, 076806 �2007�.

3 G. Toulouse, C. R. Seances Acad. Sci., Ser. B 268, 1200 �1969�.
4 A. O. Gogolin, A. A. Nersesyan, and A. M. Tsvelik, Bosoniza-

tion and Strongly Correlated Systems �Cambridge University
Press, Cambridge, UK, 1998�.

5 V. J. Emery and S. Kivelson, Phys. Rev. B 46, 10812 �1992�.
6 A. Komnik and A. O. Gogolin, Phys. Rev. Lett. 90, 246403

�2003�.
7 A. Schiller and S. Hershfield, Phys. Rev. B 58, 14978 �1998�.
8 A. Schiller and S. Hershfield, Phys. Rev. Lett. 77, 1821 �1996�.
9 A. Komnik and A. O. Gogolin, Phys. Rev. Lett. 94, 216601

�2005�.
10 A. Schiller and S. Hershfield, Phys. Rev. B 62, R16271 �2000�.
11 D. Lobaskin and S. Kehrein, Phys. Rev. B 71, 193303 �2005�.
12 A. Komnik and A. O. Gogolin, Phys. Rev. B 68, 235323 �2003�.
13 C. L. Kane and M. P. A. Fisher, Phys. Rev. B 46, 15233 �1992�.
14 R. Egger and H. Grabert, Phys. Rev. B 58, 10761 �1998�.

15 T. L. Schmidt, P. Werner, L. Mühlbacher, and A. Komnik, Phys.
Rev. B 78, 235110 �2008�.

16 A. O. Gogolin and A. Komnik, Phys. Rev. B 73, 195301 �2006�.
17 I. J. Maasilta and V. J. Goldman, Phys. Rev. B 55, 4081 �1997�;

O. M. Auslaender, A. Yacoby, R. de Picciotto, K. W. Baldwin,
L. N. Pfeiffer, and K. W. West, Phys. Rev. Lett. 84, 1764
�2000�.

18 H. W. C. Postma, T. Teepen, Z. Yao, M. Grifoni, and C. Dekker,
Science 293, 76 �2001�; W. Liang, M. P. Shores, M. Bockrath, J.
R. Long, and H. Park, Nature �London� 417, 725 �2002�.

19 L. P. Kouwenhoven, A. T. Johnson, N. C. van der Vaart, C. J. P.
M. Harmans, and C. T. Foxon, Phys. Rev. Lett. 67, 1626 �1991�.

20 B. Küng, O. Pfäffli, S. Gustavsson, T. Ihn, K. Ensslin, M. Rein-
wald, and W. Wegscheider, Phys. Rev. B 79, 035314 �2009�.

21 R. Hanson, L. P. Kouwenhoven, J. R. Petta, S. Tarucha, and L.
M. K. Vandersypen, Rev. Mod. Phys. 79, 1217 �2007�.

22 N. S. Wingreen, A.-P. Jauho, and Y. Meir, Phys. Rev. B 48, 8487
�1993�.

23 The calculation without this restriction is exactly the same up to
some minor adjustments. For the details see, e.g., Appendix A of
Ref. 16.

24 This feature is shared by the corresponding equation for the con-
ventional resonant level even beyond the wide flat band model
�Ref. 15�.

25 D. C. Langreth, in Linear and Nonlinear Electron Transport in
Solids, NATO ASI Series B Vol. 17, edited by J. J. Devreese and
V. E. van Doren �Plenum, New York, 1976�.

TRANSIENT DYNAMICS OF THE NONEQUILIBRIUM… PHYSICAL REVIEW B 79, 245102 �2009�

245102-5


